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ABSTRACT 

A solution for the electromagnetic fields scattered from a two­

dimensional inhomogeneity in a conducting half space has been obtained for 

an incident TM mode plane wave; the magnetic field is polarized parallel 

to the strike of the inhomogeneity. The approach has been to determine 

the scattering currents within the inhomogeneity using an integral equation 

for the electric fields. This solution is similar in concept to earlier 

studies of TE mode scattering from two-dimensional inhomogeneities, and it 

completes the analysis of the scattering of arbitrary plane waves using the 

integral equation approach. For simple bodies in the earth integral 

equation solution offers significant computational advantages over alternate 

finite element or finite difference methods of solution. 



Introduction 

Quantitative interpretation of magnetotelluric surveys depends at 

present on the availability of efficient forward modeling algorithm. To 

date two major numerical techniques have been used to obtain the scattered 

fields from buried inhomogeneities in plane wave fields; methods solving 

the governing differential equation which generally uses a finite element 

or finite difference approach and methods which solve an integral equa­

tion formulation of the problem. 

For two-dimensional inhomogeneities a solution for incident fields 

with the electric field para] lel to the strike of the inhomogeneity (TE 

mode solution) has been developed by Hohmann (1970) using the integral 

equation approach. For a perfect conductor an integral formulation, for 

surface scattering currents, for the TM mode (magnetic field para] lei to 

the strike of the inhomogeneity) has been developed by Parry (1969). 

General two-dimensional solutions in the presence of an arbitrary mode 

plane wave (mixed TE-TM) have been obtained by Ryu (1971), Swift (1971), 

and Rijo (1977) using either a finite element or finite difference tech-

nique. 

To our knowledge the TM integral equation solution for the general 

case has not been presented. The solution presented here thus completes 

the analysis for the scattering of arbitrary mode plane waves from two­

dimensional inhomogeneities using the integral equation approach. Apart 

from significant computational advantages in forward modeling of simple 

geologic bodies for magnetotel Iurie analysis, this solution is important 

for evaluating the results of alternate numerical methods used for more 

complicated geologic models. It is becoming evident that for many of 
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the current numerical modeling schemes, there are no convincing checks 

on the accuracy of the solution. It is imperative therefore that several 

solutions be obtained by differing methods and be compared until confidence 

is attained in these solutions. 
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l, Formulation two-dimensional integral ua ons 

In their general form, IV!axwell 's equations are wr·i as fonows: 

(L 1) 

( l. 2) 

where M1 and 31 are impressed magnetic and electric currents, Through­

out the paper an ejc,;t time dependence is assumed, Harrington (196"1) has 

shown a generalized integral on solution can be obtained by 

rewriting (1, 1) and (1 ,2) as 

( 1 '3) 

( 1 ,4) 

are scattering magnetic and electric currents 

representing the inhomogeneities in half space of electric and 

·ic constan and s 
1 

(Figure 1, l), Equa'c-i ng the 

ght si of ( 1 , 1) (1 ,2) to those of (1 ,3) and (1 ,4) 

respectively, we find that the scattering currents are zero everywhere 

for inhomogeneous region9 in which 

(L5, 1) 



(1 .5.2) 

where 

In the absence of active sources and magnetic inhomogeneities, equations 

( 1 . 3) and ( 1 . 4) become 

( l '6) 

( 1. 7) 

The total field can always be written as the sum of the incident (i) 

field, the field that would exist in the absence of the inhomogeneity, 

and the scattered field (s), such that 

( 1 . 8) 

( l . 9) 

and consequently Maxwell's equations for the scattered fields are 

written as 

(1.10) 

(1.11) 
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Equations (1.10) and (1.11) lead to a Helmholtz equation for the 

scattered field f 5 in the inhomogeneous region 

-s 
jw]JlJ (1.12) 

The solution for (l .12) can generally be written in the form of an 

integral equation as 

E5 (r) = J J GE(r;r') • J5 (r') ds (1.13) 

s' 

and 

~ls(r) = J J GH(r;r') • Js(r') ds (1.14) 

s' 

where r and r' are the vectors describing the positions of observation 

and source respectively. G(r; r') is a two-dimensional Green's tensor 

defined as the scattered field at r caused by a unit current density 

located at r'. 
One way of obtaining G(r;r') is to find a single vector potential n 

and relate it to the scattered fields defined by 

-

-s 
H 

-
( 0 + j wd \1 X TI 

(1.15) 

(1.16) 

where n is the electric Hertz vector satisfying the inhomogeneous 

Helmholtz equation. 
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-s 
- - ----=-J~ 6 (X - X I ) 6 ( z - z I ) 

0 + jw2 (L17) 

in Cartesian coordinates. The particular solution for (1.17) is shown 

in Appendix A as 

(1.18) 

where 

The homogeneous solution ns for (1.17) is subject to the boundary 

conditions and it satisfies 

(1.19) 

The total vector potentials in the homogeneous half space generated 

by current elements in it are given by Appendix A. 

IT :::: -lx 

00 

jw]J Jx ( _l 
2 k2 ) u l 

·1 0 

J 00 

IT= ~zJl 
l Z - 21T k2 lJl 

l 0 

where 

-u1Jz-z'l -u 1(z+z 1 )""'!· 
+ RTMe J cos kx(X-X 1

) dkx 

(1.20) 

-u 1(z+z 1 )l 
RTMe J cos kx(X-X 1

) dkx 

( 1 . 21 ) 

2 2 

Rn1 - - kOul - k-l uo 
12 2 
KOU1 + kluO 
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J are the scattering current z 

vely. 

i es d·i in x z 

From ons (1.15) and (1.16) and by the definition of Greenis 

function, the elements of Green's tensors ~E(0;0') and ~H(F;f') can be 

written as 

(L 22) 

(L 23) 

12 
Kl I 

=-- 1T 
jw]J Clz lx 

( 1 0 24) 

n .2s) 

( 1 . 26) 

(1.27) 

the primed potentials Tf' 
lx 

and ' TT-
IZ 

are just the potentials 

to a unit current densities of Jx and J
2 

respectively. One can easily 

verify the reciprocity theorem by subs tuting 0 .20) and (l .21) through 

(L27). 

With GE(r;r') and GH(r;r') known3 the total fields at r can be 

rewritten for (1.8) and (1.9) as 

E(r) = E1(r) + J J 
s' 

=E - - -s -
G (r;r') • J (r') ds (1.28) 

H(r) = H1
(r) + J J =H - - -s -

G ( r; r ' ) • J ( r ' ) ds ( 1 . 29) 

s' 
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2. Evaluation of the integral equation 

Computation of the scattering current 

It is the definition of the scattering current 3s that enables us 

to compute the electric field E in the inhomogeneity. In other words, 

upon substituting equation (1.5.2) into integral equation (1 .28), we can 

solve for the electric field in the inhomogeneous region provided that 

the Green's function and the incident field are known. In practice the 

inhomogeneous region, S 1
, is divided into a finite number of rectangular 

cells, Figure 2.1, such that a constant current density over each can 

can be assumed. With this assumption the integral equation (1.28) can 

be rewritten as 

E.= E~ + I 6a.u~. e E.). i = l,N 
l l j=l J 1 J J 

( 2. 1) 

where 

= (r~xij 
rE .. 

ZX1J 

(2.2) 

The elements composing are integrated Green•s functions, for 

ex amp ·1 e, 

E JJ E (- -rzxij = Gzx ri;ra) ds 
s•. 

J 

(2.3) 

where the integration is carried out over the jth ce11 of s•. 
Using the quasistatic approximation, 

factor RrM to 
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k ~ 0 
0 , we can reduce the 



(2,4) 

It can shown that the integrations in Kx space leads to n owing 

analytic results for nix and niz 

(2.5) 

(2,6) 

where K0 is the modified Bess function of the second kind of order zero, 

x-x 1
)
2 + 2Ti/2 

rl = (z- z') I 
J 

x-x 1
)
2 + 

_, l/2 
r = (z+z') 2 1 2 J 

:: 
The evaluat·ion of r is given by Appendix 8, Spec1a·l care is taken 

for si on where the Green's function becomes singular. Rewriting 

the results for the electric ds, 

rE .. 
XXlJ 

rE .. = 
ZXlJ 

-1 0-

( 2, 7) 

ljzb 
K1(jk.

1
r 2) 1 dx' 

J zt 

(2,8) 



\ 

E r .. 
XZlJ 

(2.9) 

E . r .. = Jw2JJ s .. 
ZZl.J k 1J 

1 (2.10) 

where 
s .. :::: 1 ' for xQ, < x1 < X and zt < z. < zb 1J r 1 

s .. = 0, for (x-~z.) outside of s '. 
lJ 1 1 J 

and 

t2 
f(t) I = f(t2) - f(tl) . (2.11) 

t.l 

The notations xJi,' xr' zt' and zb are shown in Figure 2.1, and they are 

consistent with those used in Appendix B. 

Equation (2.1) can now be rewritten in a numerically equivalent 

matrix form as 

where the elements of K are given by 

A ~~ • uO. 
J lJ 
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0 .. ' 1J 

(2.12) 

1 , N 



with 

- oc ~). -
6 .. for i = j 
lJ 

and 

-

=C ~). -
6 .. for i :f j 

1J 

"' The electric field in the body is found by 

- =-1 -; 
E=-K ·E 

where the incident field Ei can be easily computed in the absence of the 

inhomogeneity. -s The scattering current J is then simply given by 

ComRutation of the fields on the surface 

The electric and magnetic fields outside of the body are obtained 

using the same integral equations (1.28) and (1.29) by substituting 

the scattering current obtained in the foregoing section. The Greenis 

function is evaluated at the earth's surface. Equation (2.1) is slightly 

modified to 

(2.14) 
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and for the magnetic eld 

where 

~H l _ (· . H 
1 kj z =0 - r yxkj 

k 

rH ) 
yzkj z =0 

k 

and M is the number of field points on the surface. 

k = 1 ,M (2.15) 

(2.16) 

(2.17) 

It can be shown that the integrated Green•s functions evaluated at 

the surface are as follows; 

(2.18.1) 

(2.18.2) 

X Z r b 
E I - ~ 1 

(" ) I I rxzkj z =O-- n k2 Ko Jklro 
k 1 x.Q, zt 

(2.19) 

with r
0 

in (2.18.1), (2.18.2), and (2.19) defined as 

It should be noticed that 
13-



E I 

r I zzkj z_;;;:Q 
J 

H I 

-rk.ll -o. 
yz J z. =0 

k 
(2.20) 

is no vel"'t'i cal ( z) c d or 

zonta 1 (y) d caused by the scatterer in the half space. 

3. ng in a two-laye earth 

case a ve body bu in the lower half 

space a two- 'layered The ials in the rst and 

second are found in Appendix A. Rewriting the results by making 

use of the quasis ic approximation~ k0 - o. 

1T! 
IX 

00 

= _ j W}l _l ( ~1_ 1 R 
2n k2 J . 2 TM 

1 0 u.l 

J 
l 1 
-· RTM • 
u'l 

0 ' 

r 
~ 

(3.1) 

u z -u z) -u z' 
1 -e 1 e 2 cos k (x-x')dk 

X X 
(3.2) 

00 

~- j K (j k r) 
k~ l 0 2 

(· l 2 
+ J u

2
· RTM 

0 

u2(z+z'-2d) 
e cos k (x-x') dk l 

X X 

J 
(3.3) 

r 
. .I ~ 
J'"1' H ( ··"'-"'--~~K jk r) 2n , 2 0 2 

K 
2 L 

00 

J 
1 2 -u

2
(z+z'-2d) 

Uz Rn1 • e cos kx(x-x I) 
0 

(3.4) 
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where 

(~~r u2 
u

1
d - - tanh 

2 u, 
RTM 

::: 

(:~y u2 
+ - tanh u1d 

u1 

and d is the thickness of the first layer. The Green 1 s function in each 

layer is given by equations (l .22) through (1 .27). The scattering currents 

are computed by using n2• and n~ in the lower half space in the usual x ,_z 

manner discussed in the homogeneous half space case. 

The scattering currents in the lower half space 

The integrated Green's functions to be used for the formulation of 

equation (2.1) are found in Appendix Cas 

X -z' zb 
l .. . J r :::: JW}l $ _ ~ K

1
(jk

2
r I dx 1 

XXlJ k2 i j 2nk2 x r 
'z 2 9, t (3.5) 

co 2 
[ -u z' i'r 

zb 
·w 1 r RTf'/1 -u2zi 2 . 

k (x.-x')] lz dk +~-j --e e s1n 
2n k2 kx X 1 X 

2 0 x9, t 

E j W]J 1 ( · ) (r (b r .. = - 2n k2 KO Jk2r YX1J 
2 x9, zt 

(3.6) 
co 2 

[ -u z' l 
X zb 

+ ~ _1 r RTM e-u 2 z i e 2 cos k (x.-x')· I r I dkx 2n k2 ; u2 X l j 
2 0 x9, zt 
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+ 
-u z. 

e 2 1 

co 20 
jwJJ _L )( ~~\TM e 
21T ; 2 u2 Kz o 

X 
I r 

lx 
>!, 

dz' 

-u z' l 2 
sin kx (xi-x ' ) I 

-' 

( 3. 7) 

(3.8) 

Once the elements of Green 1 S tensor are computed 9 the electric fields 

in are found by (2, 13) and nally the scattering currents are 

computed by ("1.5.2). These e'lements can not~ in th·is case, be integrated 

analytically and consequently extremely time consuming numerical inte-

gration in k must be carried out. 
X 

c elds are computed in the usual manner. 

However~ 's on to be for the surface e1ds differs 

that lower half space. The elements of integrated 

's tensors evalua 

given by Appendix B. 

(3.9) 
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dk 
X 

(3.10) 

(3.11) 

Substituting these elements into equations (2.14) and (2.15)~ we obtain 

the total electric and magnetic fields on the surface. It is interest­

ing to notice that, on the surface of the earth, neither the horizontal 

secondary magnetic field (Hs) nor the vertical electric field (Es) is 
y z 

present. The same result was obtained for the homogeneous half space. 

4. Computation and evaluation of the results 

There are basically two kinds of numerical integrations involved 

in the previous sections. They may be symbolically represented by: 

( 4. 1 ) 

ax) 
dx • 

ax 
(4.2) 

The first integration csn be done by simply discretizing the short 



i i 

i 

uc 

the rst 

where 0 is 

sian 

sol ions 

res·is v·ity 

solu ons. 

a 

on i 

in 

more 

sman s 

0 

Ll • , I, f (xi ) 6x i 
1"'1 

ons 6x, 
l 

9 s t 

·[ l e t. number p is kept to a minimum 

f, (x) 
l 

is a s 1 ow'ly varyi on X ·in the 

s type i on is rather time 

Ia I is t onal 

y, Since major bution to I 2 comes from 

cyc·les trigonometric function used, we may approximate 

x. 
ax' g 

J 
1 . 

I f 2(x) 
~ . 

( 4,4) I :;:: } dx 2 i = l ax 
X.: l 1-

number of half cycles, Each half cyc·le is eva·luated by a 

ne, number g is increased until a given 

on is meL 

ca·l resul to the 

by (1 using the nite element method. Apparent 

phase of impedance are ved accordingly from both 

The first is a rectangular tor of 200m x 50m in size 

buri in a ha 1f space wHh varying depths to the top of the 

Fi re 4,2 nlus responses of the 

same to dent elds 100 Hz and 8 Hz 
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respecti y. The heavy a dotted n nes resent rent 

resistivities and the impedance phases respectively. The symbols 0 

and * denote the corresponding solu ons obtained using the finite 

element method. Within the range of~ o.5 km, both methods generate 

basically same solutions except for the minor disagreements 

displayed at top of center of the body. However, as the depth 

to the top of the conductor decreases, the gaps between two solutions 

become significant at the , especially when the comparison is made 

for the phase of impedance. 

It has been observed that the nite element solution, aided by a 

recently developed fast matrix inversion routine, needs more than twice 

the computing time required for the integral equation solution for this 

particular model. Expl-ici Y~ it takes 3 seconds by CDC 7600 to obtain 

one integral equation solution, for which the given mode'i is broken into 

16 small square cells. 

The next model investigated is a conductive dyke with varying ang·les 

of dip as is shown by Figure 4.3. A dipping boundary of the bocty 

is simu1ated by stack'ing sman rectangt.t"lar conductors in such a way that 

the overall dip angle is preserved. 

A maximum phase difference of 5° is observed between the models 

= 0° and = 45°. In the down dip direc on for the case of = 45°. 

the apparent resistivities obtained from the integral equa on solution 

are up 25% higher than in the solutions obtained by using finite 

element method. The main reason for this is that the cell size chosen here, 

25m x 25m, is not small enough for either method; 25m is only half the 

skin depth in the body for the frequency used. Because of the dipolar 

characteristics of the electric elds, the surface fields are strongly 
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domin by e current elements close to t surface. In ot r words, 

small errors associated with the sea 

to the surface could cause si cant 

ing currents in the cells close 

ts on the surface elds. 

effects are relatively stronger where the true magnitudes of the 

electric elds are smaller. 

the anomalies of same conductor used in the rst F·i re 4.4 s 

model with an overbu of 25m in thickness. The resistivity of the top 

r p'lays a major ro'ie ·Jn termining the background apparent resistivity 

as well as t se oft i ce. With three different resistivities 

of 5, 10, and 25 ohm-m assign to t top layer, the phase anomaly 

never exceeds 5 rees and there is only a small, constant, phase difference 

two techni s. As far as the e of the overburden and 

t medium surrounding the body are concerned, they are analytically taken 

into account by t integral equation through the Green's function. 

Therefore, the small di ces in apparent resistivity between the two 

solutions is ·1-i 

of-linear eld 

y due to the finite element solution where the same kind 

havior is imposed upon the elements within the body as 

1 as outsi of the body including t overburden. 

5. :~emarks 

solution of integral equation pends primarily on finding 

a Green's nction pertinent to t geometry under investigation. It is 

unfortunate that available Green's functions are limited to those for 

layered half spaces. However, given the Green's functions, it is necessary 

to solve for the scattering current only in the inhomogeneous region. 

is is t major advanta of the method discussed here over the nite 

di renee techniques. 
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Because of the complexity involved in nding the Green's funct-ion, 

half spaces composed of more than two layers have not been considered. 

Major emphasis has been given to the case where the earth is a homogeneous 

half space. In this case, both primary and secondary Green's functions 

have been shown to be analytic. Hence, the integral equa on approach 

is better than the finite difference technique for simple inhomogeneities 

such as a thin dyke or some other small conductors buried in a homogeneous 

half space. 

The following chart illustrates the comparisons between the two 

methods in terms of the total computing units. and the costs. required for 

the computations of the fields for a single fr~quency. 

Finite Element Integral Eguation 

CPU Cost ( $) CPU (Cost ($) 

Model 40. 1. 70 7. .50 

Model 2 165. 11. 15. L 10 

Model 3 45 1.80 40, 2.20 

The Lawrence Berkeley Laboratory CDC 7600 computer has been used for the 

computations. We have selected 34 surface field positions (17 for the 

symmetric bodies) for apparent resistivity profiles drawn in the Figures. 

The series expansions of the modified Bessel functions9 K0 and K1, 

and the numerical integrations in kx space converge faster when lr-r' I 
is small. It has been observed that approximately two thirds of the total 

computing time is spent for the computations of the surface fields for the 

models considered here. 

A remarkable advantage of the integral equation approach can be 
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n c s Suppose we sh to the response 

uencies at one station on the s of iVIode 1 l , cost 

requi tlons the e "I ec ·i c fi ds in the body for 30 

uencies wi "ll $5~ a third of 50 cents multip1i by 30. Since the 

average cost requi the compu tion of a surface two 

divi by 17 d positions, it will cost less than 

$1 30 ies a single on. The total cost required 

the at one magnetotelluric station will 

$6 by scussed compared approximately $50 (30 

uencies mul by $1. 70) by the fin He ement method. The two 

methods y same in computing costs for a 

10 squared skin , a size ivalent to 40 uare cells of .5 x .5 

skin depths. 

advantage of the integral equation approach is that it offers 

an access to derivatives of the field quantities, a procedure 

necessa inversion of the eld data. 

Rewr·l eq 

sion: 

E. "' l 

ives of 

cen can be written 

on (2. n with 6o. 
J 

Substituted by ( ) oj-o 

·~ i N 
E. + I (o.-o) •• G E . ) 9 "i = 1 , N 

l j=l J "i J J 

E. 
l 

wi respect to the conductivity of the 

as 

• 0 e [ n )\ + I ( OJ. - 0 ) 
Lv N , l 

J"' 
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in the 

( 5 .1) 

9,th 

(5.2) 



Equation (5.2) is N linear equations for component from which the 

derivatives of the electric fields in the body can be obtained. The 

derivatives of the surface fields with 

each cell can be found by substituting 

derived from (2.14) as 

-

respect to the conductivities of 
3E; 
dGQ, 

into the similar equation 

R, = l ,N . 

(5.3) 

Substitutions of H and "'H r into equations (5.1)9 (5.2)9 and (5.3) wi11 

produce the derivatives of the surface magnetic fields with respect to the 

conductivi es of each cell. It is particularly interesting that for 

each iteration in the inversion process the same Green 1 s functions will 

be used resulting in a fast iteration time. 
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Figure ·1 •. , • 

Figure 2.1. 

F i g u re 4 . ·1 . 

Figure 4.2. 

Figure 4.3. 

Figure 4.4. 

Figure A. l . 

Figure B. 1 . 

(Caption of the Figures) 

A two-dimensional inhomogeneity of arbitrary cross­
section. 

A simulation of a two-dimensional inhomogeneity by 
N rectangular cells. 

·rhe apparent resistivity and phase computed for the 
Model 1 at 100 Hertz. 

The apparent resistivity and phase computed for the 
Model 1 at 8 Hertz. 

The apparent resistivity and phase computed for the 
Model 2 at 100 Hertz. 

The apparent resistivity and phase computed for the 
Model 3 at 8 Hertz. 

-s An N-layered earth with the scattering current, J , 
in the ith layer. 

A rectangular current cell. 
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Appendix A 

Consider an N-layered half space upon which a TM-mode plane wave is 

incident. A two-dimensiona1 conductive inhomogeneity can be represented 

by a distribution of current elements over the cross sectional area 

oriented perpendicular to the strike. Suppose that a point current of 

density Js is located at (x', z') in the ith layer as shown by Figure 

A. 1. Rewriting equation (1.17) in the ith layer 

Fourier transforming (A-'!), we obtain the pr·imary potential as 

- p ( k k ) - j W1J J S 
TI; x' z = k~ 

l 

-j(k x'+k Z 1
) 

e x z 

2 ' k2 u. 'T' 
1 z 

where k~ = (w2
1JEi- j0;W1J) 

1 

2 k2 12 u. :::: - K. 
"j X ' I 

= 1JN • 

Inversely transforming (A.2) in k
2 

(Erdelyi, 1954), 

-P 
JT. (k ,z) = 

1 X 

. - -jk x' -ui iz-z' I 
_ Jw1J Jse x -'--e~---

2k
2 u. 

. . 1 
l 

Equation (1.19) can be rewritten in each layer as 

j = O,N . 

A-1 

(A. 1) 

(A. 2) 

(A.3) 

(A.4) 



The solutions for (A.4) in k s 
X 

are as 

r ~u 1 z U:Z/-
TI~ = iA.(k )e 0 + B~(k )e J I i. 

J LJ X J X J J 

~ 

(A.5) 

where the di ons unit vectors i _. icien A. and B. are 
J 

an su ect to boundary conditions with initial cons ints. 

a. J5 = J i 
X X 

From (A.3) and (A.5), after dropping parentheses 

where 

From eq ions 

Tf Ox in the a·ir 

u z ~u z 
=_Q:_e 1 +A 1 

nlx u, le • in the earth 
' 

JuJJJ 
~jk X I -u

1
z• 

a = ~ -J e x e 
2, 2 X 

Kl 

( L 15) and (Ll6), we have 

Es a·rr .k X - ~ J --z x az 

Hs k2 dTf X 
- ~ -

y az 

P.~2 

J J 

(A.6) 

(A. 7) 

(A.8) 

(A. 9) 

(A. 10) 



Matching boundary conditions at z = 0, we in 

From (A.ll) and (A.l2), 

where 

Hence, vector potential 1n the half space is 

b. J5 = J :l z z 

-u1(z+z' 
+ RTMe 

(A 1" \ 
' I ! ) 

(A.12) 

(A. 13) 

(A. 14) 

cos kx(x-x') dkx . 

(A.l5) 

In much the same way. the z-directed vector potential in the half 

space can be de~ived as 

A-3 



(A. 16) 

2. 

Suppose that the inhomogeneity is in second layer. 

a. 

paten a1s in each layer can be written by using equations (A.3) 

where 

Tf Ox in the air 

in the rst layer 

in the source region 

-jk x' -u z' 
a :o: - j W]J J e x e 2 

?k2 X 
L. 2 

(A. 17) 

(A.l8) 

(A. 19) 

Match·lng boundary conditions at z = z1, and z "' z2 by substituting Trx 

into equations (1.15) and (1.16). we obtain at z = z1 = o. 

A-4 



and at z = z2 = d, 

From equations (A.20), (A~2l), (A.22), and (A.23) 

2u d 1 2 A =ae 2 -R 2 · u2 TM 

A-5 

(A.20) 

(A.2l) 

for 

(A.22) 

for H~lz=d 

(A.23) 

(A.24) 

(A.25) 

(A.26) 

(A. 27) 



where 

The vector potentials in the first and second layers are written as 

(A.28) 

-u Z 1 

e 2 cos k (x-x 1
) dk 

X X 

(A.29) 

b J-s = J i . z z 

By following similar algebraic procedures, we can easily arrive at 

the following vector potentials in the first and second layers. 

(A.30) 



• cos k (X-X
1

) dk 
X X 

(A.3l) 
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The integration of the Green s ion over the area occup·ied by the 
.th 
J cell of rectangular s is evaluated at an arbHrary position (x~ ~z,). 

a. Green 1 s functions for the homogeneous half space 

where 

Rewri ng equations (2.5) and (2.6), we have 

l 
+ Ko(jklr2)j 

iw)J 1 a = v 

-2TI~~ 
1 

Throughout the article, the following relationships are used 

33x f( rl) = - 3~,-f(r.l) 

d d --- f(r ) = - 3)(1 f(r2) 3x 2 

d - 3 ~ ~- f( r-1) 3Zf(r1) = 

d f(r2) d f(r2) - z 

1 I 

(B. 1) 

(S.2) 

(B. 3) 

Figure B.l shows the geometry of a rectangu-lar cell in the half space. 

The eld point (x1, z1) ·is arbitrary. If the f·ie-ld po·int is in the cell, 

an arbitrary c·irc·le £1 of radius R ·is drawn about the f"ie1d point. The 
I 

vectors~-. i = l, 2, denote the unit vectors outward normal to the region 
1 

8-1 



S., 1 = 1, 2, over which the integration is 
1 

L 

From equations (l .22) and (fL 1) 

ed out. 

dx 1 dz' (B.4) 

into s1 and s2. The 

primary potential K0(jk1r1) is singu·lar in s.
1

• The fonowing equation 
-holds for the vector potenti TI in the non-singular region s2. 

By using (C.5), equation (B.4) may be rewritten 

rE .. 
XXlJ f ( ( 2 a2

) 
= a j i k.! + -2 

s \ ox 
l 

-a ff da:i KO(jklrl) ds 

s2 

- a JJ _i__ K ( " k r ) d s "' 2 0 J 1 2 
S '. oZ 

J 

= r1 + r2 + r3 • 

(8.5) 

(8.6) 

The first part of 11 may be evaluated in a manner similar to that used 

by Richmond (1965). 

a k~ JJ K0(jk1r1) ds = 2Tia k1RK1(jk1R)- 1] (fL7) 

s, 

B-2 



The. second part r1 may evaluated in the llowing way: because of 

the symmetry, 

K
0
(jk

1 
)l __ ds =a JrJ 
Jt=r 

Sl O S1 
from equation (1.17) 

I 2 2\ . _ 
\17 + k1; ak0(Jk1r 1) -

Integration on both sides in s1 evaluated at ~ = ~0 yields, 

2a Jf 32 

s.l 

by (8,7) 

Hence 

, 
F . ""j i 2 

JJ lK0 (jk 1 r 1 )J.~ _ ds K
0
(jk

1
r,)! __ ds 
'J r=r 

= - ak1 
0 s, 

- 21Ta J J ( f-r I 
s, 

!2 - - a JJ ::2 Ko(jklrl) ds 

s2 

- - a JJ \7 • iz 3
3
z Ko(jkl rl) 

Sz z - Z I 

- - jk.1a J K.l(jklrl) 
r-1 

X,_ 
l 

jk1a J 
z - Z I 

rl 
Kl (jkl r.l) 

£2 

B-3 

ds 

i z 

iz 

r=r 

'"-·r ,- 0 

0 

ds 

n2 d,Q, 

n2 d£ 



along Q,2 9 we have 
- -i n2 "' 09 z for x' - X Q,' xr 
- -i . n2 = l ' for z' = zb z 

-
z' i . n2 - -.I ' for ::::: zt' z 

-z' l zb 
----'--r- K, (jkl r,) i I dx, 

l ' I J I z 
t 

(B,9) 

+z' 
(lL 10) 

In the case of the field nt being outside of the jth ce11, it can 

be eas i1y shown 

~2 l) . a ff k1 +;-l K0(Jk1r.1) ds - - j kla f 
' s. 
J 

Finally from equa ons (8.7) through (B,ll) 

2na S .. 
lJ 

B-4 

X r 

XQ, 

-z' 
., z 

Kl (jk,r,) I b 
I dx', 

rl .J z.]., 
L 

(B. n) 

zb 

/ dx' 
zt 

(B.l2) 



where S . . ·1 s defined by 
1J 

s .. 
1J - l ' 

s. = 0, 
lj -

2. E (~ -G .. r· r') zx l J , 

for 

for 

From (1.23) and (8.1) 

By (8.3) 

H - -
3. Gyx i j ( r; r' ) 

From (1.24) 

By (lL3) 

Xn <X· <X 
N 1 r 

(x. , z.) 
l 1 

outside of sj . 

(8.13) 

(B. 14) 

(8 . 15) 

(B.l6) 



4. E - -G (r·r'\ xz i j ' ) 

(8. H) 

By (B.3) 

E r .. :;;;: a 
XZlJ 

(B. 18) 

5, 

From equation (1.26) 

(8.19) 

As -j s usua 1, the area s. is divided two reg·i ons <::. and Then by 
J ~--~ 

equa on (B. 5) 

E 
= a fJ 2 

rzzij + Ka(jklr.l) ds- a (j _Q_i K
0
(jk1r

1
) ds 

J ax 
S-1 s2 

I 

(8.20) 
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rE .. 
ZZlJ 

6. H (- - ' G .. r;r'; 
YZlJ 

From equa on (1.27) 

Again by (8.3) 

2 z 
= _ ak1 J b 

W]J z 
t 

.-xu 
---'-~-1 - K1 (jkl r 1) 

r 
lKo(jklrl)- Ko(jklr2 

b. Green 1 s functions for the two-layered half space 

1. Green's functions in the lower half space. 

Rewri and obtained in section 3, we have 

8-7 

(8.22) 

(B. 23) 



00 

-u 2(z+z') 
I 

l<o(jk2r) 
( l 2 

k (x-x') 1T = a2 + a2 j ,~2 RTM e cos dkx 2x X 

0 
(8.24) 

00 

-u (z+z') 
; 

l<o(jk2r) - a2 J l 2 e 2 cos kx(x-x') lT2z :::; a2 -u-2 RTiVJ dkx 
0 (8.25) 

where 

a2 :::; 
jw]J 1 

- 2lT ~ 
Kz 

12 u Kz 
_I tanh u1d -k2 - U-1 2u 2d 2 1 

RTM = e 
u2 

-- + ,_ tanh u1d 
k2 u, 
1 

and d is the thickness of the rst layer. The notation for the geometry 

of a rectangular cell is given in Figure B.l. 

The evaluation of primary potential 

discussed in the previous section with k1 substituted by k2 in the 

expression. By using equation (8.5) and the relationships simila~ to 

(B.3), we obta·ln 

r~x i j " fJ 0~ + ::2) ''~x ds 

s· J 
X 

- - 2lTa2 s .. jk2a2 J r 
lJ 

x.Q, 
00 2 

J _ljM e-U2Zi - a 2 kx 
0 

B-8 

-z' zb . 
l<l(jk2r / dx' r 

-u z' X , zb 
2 sin k (x.-x' I r 

/z 
dk 

X 1 X 
x.Q, t 

(8.26) 



zxij 

.-xI 
1 

r 

-u z' 2 cos k (x.-X 1 

X 1 

C dz' 
Q, 

B-9 

x zb 
I r I dk 
lx z x 

Q, t 

(8,27) 

(8,29) 



2. Green's functions on su 

where 

Rewriting 

rr lx 

I 

'IT lz 

-- a-1 

I and nlx ·n 

co 

f 
1 

RTM 
0 

co 

i 

lz from equations ( 3. 5) and (3.6) 

u1z -u1z) -u 2z
1 

+ e e - cos k (x·~x') dk 'x 

u2d 
e sech u1d 

u2 
-~ + ~ tanh u

1
d 

k2 u, 
l 

X 

(B. 30) 

Integrations of Green's functions at the kth field point (xk' zk = 0) 

are found to be 

(B.32) 

r~zkj I zk=O = J J 
s: 

J 

I 

ClXClZ 'IT l Z ds 

C I, 
9, t (B. 33) 

B- 1 0 



0 . (3,35) 

The last two resul for the vertical(z) electric eld and the 

horizontal (y) magnetic field are consistent vJith those concluded for the 

homogeneous half space case. 
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